Résumé. 2014 Abstract. 2014 We present a renormalization group calculation for the directed percolation problem in an anisotropic square lattice, in which the horizontal (vertical) bonds are present with a concentration x (concentration y). The existence of an infinite path from the origin along a given direction 03B8 is investigated in a xy phase diagram. Our method reproduces the exact known results for the x = 1 (or y = 1) limit for any 03B8. We also present an explicit calculation for the 03B8 = 45° case, and obtain the critical frontier and the expected cross-over of the correlation length exponent v along this frontier.
Abstract. 2014 We present a renormalization group calculation for the directed percolation problem in an anisotropic square lattice, in which the horizontal (vertical) bonds are present with a concentration x (concentration y). The existence of an infinite path from the origin along a given direction 03B8 is investigated in a xy phase diagram. Our method reproduces the exact known results for the x = 1 (or y = 1) limit for any 03B8. We also present an explicit calculation for the 03B8 = 45° case, and obtain the critical frontier and the expected cross-over of the correlation length exponent v along this frontier. The problem of directed percolation has a broad range of applications, from Reggeon field theory to chemistry and biology [1] . Particularly in two dimensions, this problem has been theoretically studied by Monte Carlo [2] , series [3] and phenomenological renormalization techniques [4] . There are some good estimates for the critical concentrations and correlation length exponents, mostly from calculations performed on the square lattice.
We briefly recall the main features of the isotropic directed percolation problem. Let us consider a square lattice with oriented bonds, the horizontal ones to the right, and the vertical ones up. These bonds can be present (absent) with probability p( 1 -p). Figure 1 [1] formulated an alternative approach to the problem : instead of varying the angle 0, they proposed to take a fixed direction (for instance 0 = 45~), allowing the horizontal and vertical bond concentrations (x and y respectively) to be different. Varying the anisotropy parameter yjx, the islands of figure 1 will rotate, and this rotation is supposed to yield the same effect as varying the angle 0 in the isotropic problem. Domany and Kinzel [1] were able to calculate exactly the probability of connection P m,,(x, y) between the origin and the lattice site located n units right and m units up (point P in Fig. 2 For the anisotropic problem at a fixed direction 6, we can imagine a phase diagram in the xy plane with a critical frontier, like that of figure 3 (or 4). The purpose of the present work is to present a method for constructing such a diagram, and for calculating the critical exponents v and vl. In order to do so, we define a class of functions f m " (x, y) representing the probability of vertical spanning of a rectangular m x n cell, starting from the origin (see Fig. 2 ). For the computation of fm"(x, y) we must sum the probabilities of all cell configurations for which there is a path linking the origin 0 to any point of row m + I (outside the cell). The probability of each configuration is x'(1 -x)~'~(l 2013 ~'~ where i(j) is the number of horizontal (vertical) bonds present in that particular configuration, and M(N) is the total number of horizontal (vertical) bonds in the cell. Note that the probability of horizontal spanning of the same m x n cell is (~ x). We now follow a position space renormalization group approach, by renormalizing a rectangular mb x nb cell into a smaller m x n cell, through a scale factor b. In doing so, we are simulating the behaviour of the system along a fixed direction 0 such that tg 9 = mln. The concentrations x and y are respectively renormalized into x' and y', according to equation 1. We are able to compute exactly the functions ~(1, y) for any pair (m, n), by a procedure similar to that used by Domany and Kinzel [1] . We quote the result in equation 2 Comparing with Domany and Kinzel's result, we note that /~(1, y) = 1 -Pmn(1 -y). In particular, taking the limit ~==0~-~00, where oc = ctg 9 is a constant, we have :
Equation 4 coincides with the exact result [1] for the end points of the critical frontier. Thus, our method gives the exact location for these points, at least in the large-cell limit. The exact value for the exponent vl = 2 is also achieved at these points, in the same limit. We have not been able to compute the function f."(x, y) for arbitrary values of x, y, m and n, but it is possible for instance to take 0 = 450 and renormalize a 2 x 2 cell into a 1 x I cell through a b = 2 scale factor. This simple calculation, however, allows us to reach conclusions on the cross-over between isotropic and anisotropic situations. Equations I become equations 5.
The flow diagram of equations 5 is shown in figure 3 . There are two stable fixed points, one at the origin corresponding to the disordered phase ( [5] . The eigenvalue A2 along the critical line direction seems to approach unity, indicating a possible marginality (note that ~2 does not increase with the cell size). Corroborating to this marginality hypothesis, one can show that the weak eigenvalue A3 1 at the other two fixed points B or C tends exactly to unity : by counting all configurations with no more than one missing vertical bond, in a m x m cell we obtain A3 = 1 -1/2' that tends to unity from below in the limit of large cells. An interesting feature of the marginality of A3 is that it will tend to unity from above if one renormalizes a m x m into a n x n (m &#x3E; n &#x3E; 1 ) cell : in this case we would have A3 = (1 -1/2'")/(1 -1/2"); and the flow along the critical line BC in figure 3 would be inverted. figure 3 to a straight line passing through the origin (ylx constant). This kind of truncation of the space of parameters usually introduces spurious fixed points and bad values for the exponents [7] . In our case, all the critical line of figure 3 would be formed by fixed points in such a parametric renormalization approach. Fortunately, the eigenvalue A2 along this line seems to be close to unity (see Table I ), indicating that the critical points are quasi fixed (possibly they flow logarithmically). This fact enables Domany and Kinzel to predict the value VI = 2 along all the critical line (except A~ based on their good numerical results. Ikeda [7] did not have the same chance for the undirected percolation problem.
There are two other semistable fixed points, one at (x, y) = (1, 0) and the other at (x, y) ~. (o,1 ) (see Fig. 3 ). Both figure 5 we have plotted the displacement of the critical points along the frontier under one step renormalization, for equations 5 (Fig. 5a ) and equations 6 (Fig. 5b) . The minimum (in absolute value) observed at the middle of figure 5b is not a common feature in renormalization group calculations. We believe that, for large cells, the curve will cross the horizontal axis, giving origin to two new fixed points (call them A at the left, and B' at the right). If B' will tend to B for large cells, then figure 5b will have the same form of figure 5a. Unfortunately, we cannot prove this point, and a confirmation of the isornorphism speculated by Domany and Kinzel [1] can be made only by using large cells, within the present framework.
In summary, we have constructed a position space renormalization group for the directed percolation problem in a square anisotropic lattice. The exact known results [1] for this problem are the correlation length critical exponent v 1 and the critical vertical bond concentration Yc as a function of the observation direction 0, in the particular case of full presence (x = 1) of the horizontal bonds. Our renormalization group approach reproduces all these exact results. Furthermore, applying our method to the spectific case of0= 45~, we obtained a critical frontier in the whole xy space and the flow direction confirms the hypothesis [ 1 ] of a cross-over at the isotropic critical point. Also, the position obtained for this point and its correlation length exponent are in good agreement with previous estimated values. Also, our calculations indicate a possible marginal behaviour along the critical line. We think that this possibility must be investigated further, specially in the context of Reggeon field theory [8] where marginality is a common feature. 
